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Abstract 

We investigate a pattern in the a' expansion of tree-level open superstring amplitudes 
which correlates the appearance of higher depth multiple zeta values with that of simple 
zeta values in a particular way. We rephrase this relationship in terms of the coaction on 
motivic multiple zeta values and show that the pattern takes a very simple form, which 
can be simply explained by relating the amplitudes to the Drinfel'd associator derived from 
the Knizhnik-Zamolodchikov equation. Given this correspondence we show that, at least 
in the simplest case of the four-point amplitude, the associator can be used to extract the 
form of the amplitude. 



1 Introduction and summary 



Much recent progress in understanding the structure of scattering amphtudes in field theory 
has been based on understanding the analytic structure of loop corrections in terms of the 
Hopf structure underlying the iterated integrals defining multiple polylogarithms. Results 
along these lines have been obtained in [H 121 [3l HI El [6], primarily based on using the 
symbol [71 El [9] or motivic coaction [TOl [TTl [12] as a tool to perform analysis of the analytic 
structure in an algebraic manner. While loop corrections in field theory quickly become 
rather complicated, there is a similar problem in which a transcendental structure appears 
in a much milder form, namely string theory scattering amplitudes at tree level. If one 
expands tree-level string amplitudes in a', the inverse string tension, one finds coefficients 
which contain multiple zeta values, rather than multiple polylogarithms. 

In [13] an intriguing pattern of multi-zeta values was found in the a' expansion of the 
open superstring amplitudes. The coefficients of all multiple zeta values of depth greater 
than one are fixed in terms of those of depth one in a specific way, indicating that in the 
case of superstring amplitudes, the Hopf structure is not just a tool that can be used to 
analyse the results, but rather it is intrinsic to their structure. 

The pattern among the multiple zeta values was expressed in [13] in terms of an auxiliary 
map which relates the (motivic) multi-zetas to a Hopf algebra of words endowed with 
the shuffle product. The map was introduced in [TU [T2] to help to explain the structure 
of the space of motivic multi-zetas and to produce an efficient algorithm for fixing a basis 
and projecting a given multi-zeta value into that basis. As noted in [13j this pattern is 
closely related to a representation of the identity operator on the Hopf algebra of words, 
so that the pattern is something canonical. However the objects introduced to encode 
the structure do depend on the choice of basis of multiple zeta values. In particular, the 
isomorphism between the multi-zetas and the Hopf algebra of words is non-canonical in 
that it depends on the basis of multi-zetas chosen. One of the aims of the present work is to 
express this pattern purely in terms of the Hopf structure associated to multi-zeta values, 
without introducing a basis. 

Indeed we will see that we can rephrase the pattern found in [13] purely in terms of 
the coaction on motivic multiple zetas, making the independence on the choice of basis 
manifest. Following [HI [15] we express the colour-ordered open superstring amplitudes in 
terms of a matrix R acting on a vector of independent colour-ordered super Yang-Mills 
amplitudes, 

^open_^^YM_ ^^^^^ 

The matrix R = 1+0 (a') encodes all the a' corrections to the super Yang-Mills amplitudes. 
In terms of the motivic coaction, the pattern found in [13] can be rephrased as follows, 

AR"' = R"'^R\ (1.2) 

The superscripts on R refer to the fact that all multi-zeta values should be replaced by their 
motivic versions (so that the coaction is defined) and moreover that in the right-hand factor 
we should work modulo C™- The equation fll.2p implies that all coefficients of multiple zetas 
of depth greater than one are fixed in terms of those of depth one, in complete agreement 
with the structure presented in [13] . 
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Moreover the equation (11 ■2p is similar to a property obeyed by another object, the 
Drinfel'd associator $ [121 |T7], defined in terms of the Knizhnik-Zamolodchikov equation 
[20] . It is a form of universal monodromy for solutions of the KZ equation. The associator 
can be written as a generating series for all (shuffle regularised) multiple zeta values, 

<^ = Y,^Cm{w), (1.3) 

w 

where the w are words in two letters. $ obeys the relation 

^$m^^m|)^a^ (1.4) 

in complete analogy with (11. 2p . where < is the Ihara action [TSl[3ni[2I] on group- like series 
of words. 

Indeed we will see in the simplest case (the four-point amplitude) that we can actually 
identify the associator $ with the matrix R appearing in the open superstring amplitude, 
which actually allows one to fix also the coefficients of the zeta values of depth one. 

The paper is organised as follows. We begin with a very brief review of superstring 
amplitudes in section [2J We introduce multiple zeta values and the motivic coaction in 
section [21 Then, in section H] we describe the patterns in the a' expansion of the amplitudes 
found in [13] and describe how they can be rephrased as in eq (11.21) . In section[5lwe introduce 
the associator and describe its properties under the motivic coaction. In section [61 we use 
the Knizhnik-Zamolodchikov equation to derive the form of the open superstring four- 
point amplitude. In section [7] we make some remarks on the structure of closed superstring 
amplitudes and the constraints on the multiple zeta values appearing in both closed and 
open superstring amplitudes. 



2 Tree-level open superstring scattering amplitudes 

Let us begin with tree-level scattering amplitudes in gauge theory. The n-gluon amplitude 
of a gauge theory can be decomposed as a sum over cyclic colour-ordered partial amplitudes, 

^gauge^ J2 A™((T(l),...,a(n))Tr(T"-w ...T"-(")). (2.5) 

The tree-level open superstring amplitude A°p'^'^ of massless gauge bosons can similarly 
be decomposed in terms of colour-ordered partial amplitudes A°^'^^. The superstring am- 
plitudes depend on a', the inverse string tension and in the limit a' — ?• one recovers 
the gauge theory amplitudes. All of these statements are independent of the number of 
uncompactified dimensions in which one studies the scattering process. 

The colour-ordered partial amplitudes in gauge theory obey certain relations. The 
simplest among these are the cyclic and reflection identities. Then one has the photon 
decoupling identity and Kleiss-Kuijf relations [21]. Finally there are the BCJ relations [22] . 
These relations among gauge theory partial amplitudes can be derived from the monodromy 
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properties of the open string theory partial amphtudes [231 EH ES] . If one uses all these 
relations to reduce the set of colour-ordered partial amplitudes to a minimal set, then 
(n — 3)! partial amplitudes remain. One may choose these partial amplitudes to be those 
obtained from all permutations of the labels 2, ... ,n — 2, keeping 1, {n — 1) and n fixed. 
We may arrange these remaining amplitudes into a vector which we denote by A^^^^'^, or 
correspondingly, A"^'^'^. 

Thus we have a vector of independent colour-ordered open superstring amplitudes re- 
lated to the corresponding field theory amplitudes via a matrix R, 

^open _ ^^gauge _ ^2.6) 

The matrix R has an expansion i? = 1 + 0{a'). In general, terms of order (a')™ contain 
multi-zeta values of weight m. The detailed structure of the a' corrections has been studied 
in [m ITS]. As one might expect it is given in terms of {n — 3)-fold integrals over the 
positions of the vertex operators not fixed using conformal symmetry. Here we will outline 
the simplest cases n = 4,5. 

The simplest case is n = 4 where the matrix R is therefore a (1 x 1) matrix. In this 
case one has [26j 

r(i-.)r(i-t) 
^ - ni-s-t) ■ ^^-^^ 

Here s = a'{pi + P2Y and t = a'{j>2 + Ps)^ are the two Mandelstam variables and we 
recall that the momenta satisfy = since we are considering the on-shell scattering of 
massless gauge bosons. If we expand the gamma functions as a series in s and t we find zeta 
values. Specifically, we can write R as the exponential of an infinite series of contributions 
proportional to simple zeta values Cn = C(^)? 

Cn 



i? = exp^^[s" + r- (s + t)"]. (2. 



n 

n>2 

If we wish we may decompose the exponential into the contributions of even and odd zeta 
values, 

R = PE (2.9) 

where 

P = exp^^[s2" + t2«_(s + t)2-] (2.10) 

n>l 

and 

E = exp J] iH!!±L[s2n+l ^ ^2n+l _ ^ ^)2n+l] _ ^2.11) 
n>l ^ ~^ 



For five-point amplitudes, is a (2 x 2) matrix, 

Fi F2 
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where we have 

Fi = S12S34 [ dx [ dyx'^^'y^'^-^l - - yY^'il - xy)'^^ , 

Jo Jo 

F2 = snS2il dx I dyx'^^y'^^l-xY^^l-yY^^'il-xyy^^-^ . (2.13) 
Jo Jo 

The five independent Mandelstam variables are chosen to be S12, S23, S34, S45, S24 with Sij = 
{pi +PjY- The functions Fi and F2 are given by Fi = Fi\p,^^p^. The integrals above can be 
expressed in terms of hypergeometric functions and gamma functions [27[ [15] . 

Fi _ r(i + S45)r(gi2)r(s34)r(i + ^23) 
S12S34 r(i + S45 + S34)r(i + S12 + S23) 

X 3^2(1 + S45, S12, -S24; 1 + S45 + S34, 1 + S12 + S23; 1) , (2.14) 

F2 _ r(i + gi2)r(i + g23)r(i + 534)r(i + ^45) 
S13S24 r(2 + S12 + S23)r(2 + S34 + S45) 

X 3^2(1 + S12, 1 + S45, 1 - S24; 2 + S12 + S23, 2 + S34 + S45; 1) . (2.15) 

If we expand the above hypergeometric functions as a series in the Mandelstam variables 
we find multiple zeta values. Before discussing the patterns in the expansion found in |13] 
we will give a short introduction to multiple zeta values and the Hopf structure of their 
motivic counterparts. 



3 Multi-zeta values and their motivic counterparts 

Multi-zeta values can be defined in terms of nested sums. Here we will use an iterated 
integral representation. We consider iterated integrals of the following form, 

/(ao;ai,...,a„;a„+i) = / ■■■ (3.16) 

Jy Zi — ai Zn — dn 

where 7 is a path from ao to a„+i avoiding the poles at and the integral is 

performed so that Oq, zi, . . . , Zn, dn+i gives an ordering along the curve. If the poles coincide 
with the endpoints the integral may require regularisation. 

Sometimes we will use the notation I{aQ;w;ai) where w is the word ai...a„. The 
multi-zeta values are special cases where oq = and a„+i = 1, with 7 being the path along 
the real axis, and Oj G {0, 1} for 1 < i < n. There is a also a sign depending on the number 
r of the Qi equal to 1, 

C(pi, ...,Pr) = {~iYm 10^^"' • • • 10^'-"'; 1) • (3.17) 

We take ^ 2 to ensure convergence of the integral. Very often we write Cpi....,pr save 
a little space. Even more compactly we can write 

aw) = i-lYliO;w;l) (3.18) 
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where w is a word built from the letters {0, 1}, beginning with a 1 and ending with a 0, 
and r is the number of ones in w as before. The simplest example of a zeta value is given 

by 

G = -/(0;10;l) = - T-^ (3.19) 
All even simple zeta values are rational multiples of powers of 

where denotes the Bernoulli numbers. 

The iterated integrals obey a shuffle product relation, 

/(ao; wi, a„+i)/(ao; W2; a„+i) = /(ao; W1UIW2; a„+i) , (3.21) 

where we recall that the shuffle product of two words Wi III W2 is a sum over all words given 
by permutations of the elements of wi and W2 which preserve the orderings within wi and 
W2- For ao = and a^+i = 1 this implies the shuffle relation for the multiple zeta values, 

Ciwi)aw2) = CiwiUlw2). (3.22) 

We can use the above relation to define a regularised version of the multi-zeta values whose 
words begin with or end in a 1; we extract any leading zeros and trailing ones from a 
given zeta using the shuffle relation and define Cm(0) = Cm(l) = 0. 

One may lift iterated integrals / to their 'motivic' versions J™. These are defined as 
abstract elements of an algebra T-L^^, graded by weight and obeying the shuffle product 
relation f l3.2ip . The motivic iterated integrals satisfy all known algebraic relations satisfied 
by real iterated integrals and conjecturally capture all such relations. As special cases of 
the motivic iterated integrals one has the motivic multiple zeta values (^'^{w) = /™(0; w; 1). 

Since all even simple zeta values are known to be rational multiples of powers of (2, the 
element plays a special role. It is convenient to introduce the quotient A-^^ = Ti^^ /C^, 
whose elements are denoted (or when specialising to motivic MZVs). Then ^-^^ is 
a Hopf algebra and 'H.-'^^ is a trivial comodule over A'^^ which can be non-canonically 
identified with Q[C™] ® A^'^. As an algebra it is commutative, with the product being the 
shuffle product fl3.2ip . The coaction A : — )■ Ti-^^ ® A^^ is defined on the motivic 
iterated integrals as follows [101 [HI 112] • 

A/™(ao; Oi, . . . , a„; fln+i) = 

k 

^ ^ /"'(ao;aii,...,ai,,;a„+i) ® (^JJr(ai^;aip+i,...,aip+i_i;ai^^jj . (3.23) 

k io<i\...ik<ik+\ P=0 

The terms in the above formula can be associated with polygons inscribed into the semi- 
circle with {n + 1) marked points Qj. Note we have reversed the order of the factors on 
the RHS with respect to [11], [12] . The above coaction specialises in the obvious way to the 
algebra of motivic multiple zeta values, denoted by %. 
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Figure 1: A contribution to the motivic coaction for k = 4 



The only primitive elements of Ti are the simple zeta values C™- Because of the fact 
that one should mod out by the right-hand factor, the coaction looks different for 

even and odd simple zetas, 

MZ = CTn ® 1, AC2"n+l = C2n+1 ® 1 + 1 ® CL+l ■ (3-24) 

4 Patterns in the a' expansion 

In [13] the following pattern for R in the five-point case was found up to weight 16, 



where 



and 



R = PQE 

P = l + 
E =: exp ^ C2n+iM2„+i : 

n>8 



(4.25) 

(4.26) 
(4.27) 

(4.28) 



The normal ordering symbol in E means that : MiMj := MjMi if i < j and : MiMj := 
MiMj otherwise. Alternatively one may write E as an ordered product of exponentials 
E = {. . . e^^^^'^gCa^^a^^ 'j}^g matrices Qn contain multiple zeta values of higher depth and 
are determined in terms of commutators of the M2„+i. Thus if all the M„ commute with 
each other, as is the case for the four-point amplitude, the matrix Q reduces to the identity. 
The structure is therefore a generalisation of the one for the four-point amplitude to non- 
commuting Mj. 

Before we discuss in detail the structure from a Hopf algebraic point of view, let 
us exhibit the first few terms in Q found in [13] in order to illustrate how the coef- 
ficients of multiple zetas of higher depth are fixed in terms of those of depth 1. For 
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this we need to make our basis of multi zeta values explicit. Up to weight 12 we take 
{(2,(3,(5,(7,(3,5,(9,(3,7,(11,(3,3,5,(3,9,(1,1,4,6} and all possible products of these elements. 
In this basis the Qn found in [13] take the form, 

Q8 = J(3,5[M5,M3], (4.29) 



Q9 = 0, (4.30) 
Qio = (^(5 + ^(3,7) [Mj, M3] , (4.31) 

Qii = (9(2(9 + ^(2(7 - ^(1(5 + ^(3,3,5) [M3, [Ms, Ms]] , (4.32) 

Q12 = (^(5(7 + ^(3,9) [M,,Ms] 

+ (ss^^Cs + ^(2(3(5 — 10(2(3(7 — 2^2(5 ~ -^(2(3,5 — 3(2(3,7 

1 467 7QQ 2665 \ 

- -^Cl - Y^(5(7 + ^(3(9 + -^(3.9 + (1,1,4,6 j ([Mg, M3] - 3[M„ M5]) (4.33) 



To be completely explicit, let us expand the matrix R up to order {a'Y^ 

1 
2 



i? = 1 + (2P2 + (3M3 + (4P4 + (5M5 + (2(3P2M3 + ^(|M3M3 + (ePe 



+ (7M7 + (2(5P2M5 + (4(3P4M3 + ^(3,5 [M5, M3] + (^CsM^M^ 

5 



+ ^(2(|P2M3M3 + (gPg + (9M9 + ^(|M3M3M3 + (2(7P2M7 

2 



+ (4(5P4M5 + (6(3P6M3 + (^(5^ + ^(3,7^ [M7, M3] + (7(3M7M3 
+ ^ClM.M, + ^(2(3,5P2[M5, M3] + (2(5(3P2M5M3 

+ i(4(|P4M3M3 + (loPlO + . . . (4.34) 

The fact that the coefficients of the higher depth multi zeta values are given in terms of 
those of the simple zeta values can be explained in terms of the Hopf algebra structure 
obeyed by the motivic multi zeta values. It is therefore useful to introduce the notation P™ 
to denote the matrix R with the zeta values replaced by their motivic versions and R'^ to 
denote the same matrix modulo (™. 

In [T3], the structure underlying the matrix R was described by introducing an auxiliary 
Hopf algebra W, following [HI [12]. The Hopf algebra W is the commutative, graded Hopf 
algebra of all non-commutative words in generators of each odd degree d > 3, denoted by 
{/s, /s, /7, /g, . . .}. These generators play the role of the simple zeta values. The product on 
W is the shuffle product; the coproduct is given by deconcatenation. The even zeta values 
are taken into account by considering the trivial comodule 

W = Q[/2]®W', (4.35) 
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where /2 is a generator of degree 2. The references [H], [12] show how to construct isomor- 
phisms (pB '■ 'H U, depending on the choice of basis B of the motivic multi-zeta values 
"H. We describe the isomorphisms 0b in more detail in the appendix, describing their basis 
dependence. 

Having introduced the isomorphisms (ps associated to a given basis of we can now 
state explicitly the structure found in [13] for the matrix R describing the open superstring 
scattering amplitudes. After replacing all zeta values with their motivic versions in the 
expansion of R, one finds the following simple pattern after applying the isomorphism 0b, 

= (E Afc) E E • • • ^v/n • • • 4 • (4.36) 

We remind the reader that both the matrices P and M and the map 0b depend on the 
choice of basis B for although we have not made explicit the dependence of Pr and Mr 
on B. The above structure f l4.36p for the image of R under 0b, however, does not depend 
on B. 

Indeed, it was noted in [15] that f l4.36p has the same form as the canonical element of 
U ®U* . Let us introduce the operators d2r+i which act from the right on a word built 
from the /„ so that d2r+i removes the last letter of the word if it is /2r+i or annihilates the 
word otherwise. Thus dr^ . . . dr^ is the dual basis element to fn--- fr^- Similarly we can 
introduce operators on the left which pick out the coefficient of /2 . Then replacing P2k 
by d2k and M2r+i by d2r+i, formula f l4.36p turns into the canonical element oiU®W . Thus 
the matrices P2k and M2k+i represent the operators Or- 

In fact one may state the above rather more simply by saying that the matrices P and 
M represent the duals of the primitive zeta values in a given basis B. Thus i?™ is really 
representing the canonical element of % ^T-L*. At this stage, no information is available on 
what the representation is, other than by directly expanding the result for the amplitude. 

We now observe that the above structure can be restated as the following property of 

AR^ = R^^R"" . (4.37) 

Here the symbol ® means that the two factors of the tensor product are multiplied as 
matrices. In addition to its compactness, the above expression makes manifest the fact that 
the structure found in |13] is independent of any choice of basis for H. The relation fl4.37p 
for the coaction on i?™ fixes all but the primitive elements, i.e. contributions proportional 
to C™, corresponding to the matrices P2n and M2„+i above. Another advantage to f l4.37p is 
that, in order to test it, one does not have to refer to the underlying algebra structure of U 
or "H. One simply computes the motivic coaction on i?™ and compares with the RHS. 

The equation fl4.37p for i?™ is equivalent to the fact that i?™ represents the canonical 
element 7?. in "H (g) "H*. Indeed we have, in terms of a basis Cj of "H (and of A) and the 
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dual basis e* of "H* (and el of A*), 



A7^ = A Ci ® e*) = J2 fjkiiej ® e^) ® e* 

j A; 

Here Acj = ^ fjki^j®(ik describes the coaction on T-i and /i(e*(g)e^) = X]j /ifcj^i describes 
the action on the duals. We have checked explicitly that the expressions given in [13] do 
indeed satisfy the relation fl4.37p to weight 15. 

The consequence of f l4.37p is that the amplitude is completely determined in terms of 
the matrices and M2n+i- The matrices and M2n+i themselves are not determined. 
This is already clear at the level of the four-point amplitude since any expression of the 
form 

i?- = exp{5^c„c} (4.39) 

will obey Ai?™ = R^®R^. One may ask if there is any connection to the Hopf structure of 
zeta values which fixes the coefficients c„ to be precisely those appearing in the four-point 
amplitude. 



5 Connection to the Drinfel'd associator 

By comparing formulas appearing in [13] and [31] one can see that the structure of the 
matrix R describing the open superstring amplitude mirrors closely the structure of another 
object, the Drinfel'd associator [TB| [T7] . This is a form of universal monodromy for the 
Knizhnik-Zamolodchikov equation. 

The associator can be written as a generating function for all multi-zeta values, 

^ = Y,wCm{w), (5.40) 

w 

where the sum is over all words w in the alphabet {eo,ei} and the multi-zeta values are 
regularised using the shuffle product. The space of words on {eo,ei} can be identified 
with the universal enveloping algebra U{g) of the free Lie algebra on two generators g = 
Lie[eo, ei] . Thus $ is an element of U{g) over the reals. 

To express the associator it is useful to introduce derivations acting on U{g) as follows. 
Given an element y of g we define (following [181 119] ) 

Dyeo = 0, Dyei = [ei,y], (5.41) 

and extend Dy as a derivation to the whole of U{g). Given the derivations D above we can 
define a right action of g on U (g) as follows, 

xoy = xy - DyX, yeg, xeU{g). (5.42) 
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The Ihara bracket is defined as its antisymmetrisation after restricting U{g) to g in tlie 
natural way, 

{x,y} = X oy -y o X = [x,y]+ D^y - DyX , x,y E g . (5.43) 

Note that {x, y} is also an element of g (actually it is even an element of g' = [g,g])- The 
lhara bracket is the Poisson bracket which arises through commutation of the derivations 

[a,,Dy] = D{,^yy, (5.44) 

and it therefore obeys the Jacobi identity. 

By direct calculation one may compute the associator up to a given weight. We have 
explicitly computed it up to weight 13 and expressed the result in terms of the same zeta- 
values used in the previous section. Here we will display the expansion for the associator 
up to weight 10, 

$ = 1 + C2P2 + (3W3 + (4P4 + C5W5 + (2(3(^2 o W3) + ^C|(u73 o ^^3) + CePe 

+ C7W7 + (2(5(^2 O W5) + (4(3(^4 O W3) + ^C3,5{W^5, W3} + (5(3(^5 O W3) 

5 

+ oC2C|((P2 O W3) O W3) + CsPS + C9W9 + -CiiiuJs O ^^3) O W3) + (2(7(^2 O Wy) 

2 o 

+ (4(5(^4 o W5) + (5(3(^6 o W3) + (^^Cs + ^^3,7^ {^7, W3} + (rCsim 
1 1 

+ 2*^5 O W5) + -(2(3,5(^2 O {W5, W3}) + C2C5C3((P2 O W5) O W3) 
1 

+ -CiCi{{P4 o ^^3) o u)3) + CioPio + • • ■ (5.45) 

Comparing to equation (14.341) we see the obvious similarity. Going from (I5.45P to fl4.34p . 
the words p2r are replaced by the matrices P2r, the words W2r+i by the matrices M2r+i and 
the product o by the matrix product. The antisymmetrisation of the operation o on two 
elements of g is the Ihara bracket which is therefore replaced by matrix commutators. 

If we consider the coproduct on all words in the alphabet {eo,ei} defined by de- 
manding 

Agid) = ei^l + l0ei, (5.46) 

Ag{wiW2) = Ag{wi)Ag{w2) , (5.47) 

we find $ is group-like, 

Ag$ = $®<l). (5.48) 

Thus log $ is a Lie series. Moreover, since it contains no elements of length 1, it is a series 
in g' = [g,g]. 

The words p2r and W2r+i are not quite on the same footing. The reason is that all even 
simple zetas are related to powers of (2 via (13. 20 p . Hence, while all the words W2r+i are 



O W3 
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elements of g' in accord with (15. 48 p . this is not the case for the words P2t for r > 1. It is 
therefore helpful to define the words W2r G g' via 



W2 


= P2 








1 


Wi 


= Pa 


- O W2 , 






h2 




= P6 


- — W4 OW2- 



-^(w;2 o W2) o W2 (5.49) 
663 

and so on so that log $ is explicitly a Lie series, 

log $ =C2W2 + C3W3 + C4W4 - ]^ClDn,2W2 + C5W5 + C2C3 (^[^2,^3] - D^„^W2 

+ ... (5.50) 

To be more concrete we give the explicit form of the first few words, 

W2 = [ei,eo] (5.51) 

= [eo - ei, [eo,ei]] (5.52) 

3 

W4 = -[eo, [eo, [eo, ei]]] - -[ei, [eo, [ei, eo]]] + [ei, [ei, [ei, eo]]] (5.53) 

1 3 

Wb = [eo, [eo, [eo, [eo,ei]]]] - -[eo, [eo, [ei, [eo,ei]]]] - -[ei, [eo, [eo, [eo,ei]]]] 

+ (eo ^ ei) . (5.54) 

We now introduce an exponentiated version of the action o, which we will denote by 
<. Given group- like series A and B in U{g), we define the action of i? on A (following 

A<B = A{eQ,BeiB~^)B . (5.55) 

It is clear that the infinitesimal version of the action < defined above is o. Note that 
1 < A = A<il = A and that < is associative since 

{A<B)<C= (A(eo, BeiB-^)B) < C 

= A{eo, B{eo, CeiC-^)CeiC-^B{eo, CeiC-Y^)B{eo, Ce^C-^)C 
= A{eo, {B < C)ei{B < C)-^){B < C) 

= A<{B<C). (5.56) 

Now we are in a position to compare to the relation obeyed by the matrix R in the open 
string amplitude. By replacing all zeta values in the expansion of $ with their motivic 
versions, we obtain an element of U{g) ®1-L which we call Calculating the coaction A, 
one finds the following relation, completely analogous to (14.371) . 
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Here the symbol ® indicates that the right-hand factor acts on the coefficient words of the 
left-hand factor via the action <, 

= J2Cm (w) ® w{eo, $^ei(<l>^)-i)<l>^ . (5.58) 

w 

This is a series of words with coefficients in A. 

Thus we would like to identify the matrix R appearing in the open superstring amplitude 
with with the matrix multiplication being a representation of the Ihara action <. In the 
next section we will show that the associator can be used to reproduce the four-point 
amplitude by following this logic. 



6 The four-point amplitude from the associator 

The form fl5.40p allows us to explicitly expand the associator, at least up to weights where 
(conjecturally) all relations between multiple zeta values are explicitly known [21]. We 
would like to ask if we can understand how to extract the matrices M2n+i and from the 
form of the words W2n+i and p2n- We will examine the simplest case, namely the four-point 
amplitude, where we will in fact be able to identify P and M to all orders. 

Since the matrix is a (1 x 1) matrix in the four-point case, we need a commutative 
realisation of the Ihara action. In other words we need a representation where the Ihara 
brackets {wr,Ws} vanish. This will guarantee that all multiple zeta values of depth greater 
than one will disappear. 

Now we observe that for words Wr and Wg in g', the Ihara bracket {wr, Wg} is an element 
of g" = [g',g']. This can be seen as follows. First we note that if we work modulo g" then 
all elements of g' can be written as a linear combination of the basis elements 



Ukl 



adoadi[eo,ei] , (6.59) 



where adiX = [e^, x] and the two adjoint actions commute. We recall that the Ihara bracket 
takes the form 

{Wr, Ws} = [Wr, Ws] + D^^Wg - D^^Wr ■ (6.60) 

For Wr,Ws € g' the ffist term on the RHS is clearly in g". On the basis elements fl6.59p we 
have Dui^^Uk'i' = Uk+k'+i,i+i'+i modulo g" and so the final two terms on the RHS of (16.601) 
cancel modulo g". Hence the Ihara brackets vanish in g' /g" as required. 

In this approximation, the associator in has been calculated in [17]. For completeness 
we give a derivation in Appendix [Bl starting from the Knizhnik-Zamolodchikov equation. 
The result is 

1 [T{l-u)T{l -v) 



log$ 



- 1 



uv I r(i — u — v) 

where u = —ado and v = adi and again we work modulo g". 



[eo,ei], (6.61; 
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From the above result we deduce that 



$ = 1 + — 

uv 



T(l-u-v) 



[eo,ei] mod(^')- (6-62) 



If we now think of $ acting on U{g') / {g'Y via the Ihara action, we find that it is represented 
by the multiphcative operator (i.e. a (1 x 1) matrix), 

which, if we interpret the variables u and v as being the Mandelstam variables, is precisely 
the four-point amplitude R, with the coefficients P„ and M„ fixed to their correct functional 
forms. 

We emphasise here that we have derived only the simplest superstring amplitude, the 
four-point one, which can of course be derived simply from many approaches. Ultimately, 
given the form of the worldsheet integrals describing the amplitudes, it is not surprising that 
it can be related to monodromies of the Knizhnik-Zamolodchikov equation [32j. However 
the approach we have outlined shows that the relation between the associator and the 
amplitude guarantees that the relation f l4.37p holds. Moreover, one can obtain more than 
just the fact that the coefficients of the multiple zetas of higher depth are fixed in terms of 
the M2n+i and P2n', one can also fix the M2n+i and themselves. 



7 Closed strings and constrained multiple zeta values 

By emptying the Kawai-Lewellen-Tye relations [32] one may obtain tree-level amplitudes 
for closed strings from the ordered partial amplitudes for open strings, 

^closed _ ^j^opcny g jY^pen (7 64) 

Here is a (n — 3)! x (n — 3)! matrix consisting of particular sin factors. It obeys the 
important relation [1^ . 

P'SP = So, (7.65) 

where 5*0 is the a' — limit of 5*, a matrix of homogeneous rational functions of the 
Mandelstam variables. 

The coefficients of odd zetas, the matrices M„, obey (see also v3 of [T3] ) 

M„ = ^o-X^o, (7.66) 

implying that nested commutators (5(r) = [A^si, [Ms2, [■ ■ ■ [Ms^_-^, M^^] . . .]]] obey 

Q^r) = {-lY^'So'Qlr)So. (7.67) 

Since the nested commutators are the coefficients of specific multiple zeta values as dictated 
by f l4.37p . it follows that A'^^°^'^'^ gets contributions from only certain specific combinations of 
multiple zeta values. For example there are no linear contributions of multiple zeta values of 
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even depth. This has important consequences for the closed IIB superstring effective action. 
Since the IIB theory has an SL{2, Z) duality symmetry, the axion and dilaton appear in 
the effective action through specific modular forms. At tree level these modular forms 
reproduce the zeta values. The restriction of the kinds of multiple zeta values appearing at 
tree level will have some interplay with the possible kinds of modular forms appearing. It 
would be interesting to investigate this point further. 

In fact there are also restrictions on the kinds of multiple zeta values that can enter the 
open superstring amplitude. For a given number of external particles there are relations 
among the different commutators of the simply due to the fact that they are finite ma- 
trices. A very strong restriction appears at four points where, since the matrices are (1x1), 
they all commute, i.e. [M^, Mg] = 0. This is linked to the fact that no multiple zeta values 
appear in the four-particle amplitude. At higher points the restrictions become successively 
weaker. For example, at five points the matrices are (2 x 2) and according to fl7.66p above 
they are conjugate to symmetric matrices. This implies that the commutators [Mr,Ms] 
are conjugate to antisymmetric matrices, but since there is a unique (2 x 2) antisymmetric 
matrix up to rescaling, the commutators commute with each other [[Mr, M^], [Mj, M^]] = 0. 
Note that these constraints imply [Mr, [Ms, [Mt, M„]]] = [Ms, [Mr, [Mt, M„]]] and that such 
relations were useful in ^13j in establishing that the matrix Q takes an exponential form 
up to weight 18 in the case of the five point amplitude. Relations such as these imply that 
only specific linear combinations of multiple zeta values appear in the n-point amplitude 
for fixed n. The constraints become weaker and weaker in the sense that more and more 
linearly independent combinations of multiple zeta values appear as n grows. 
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A Isomorphisms between Ti and U. 

In fT3], the structure underlying the matrix R was described by introducing an auxiliary 
Hopf algebra W, following [111112]. This Hopf algebra is the commutative Hopf algebra of all 
words constructed from the alphabet {/s, /s, f^, fg . . .}, i.e. the alphabet with a generator 
of every odd degree, r > 3. The Hopf algebra product is the shuffle product III and the 
coproduct is given by deconcatenation, 

A/ai, . . . , /a„ = ^ /ai . . . /a, ® /a,+i •••/«„• (A.68) 

i 

By analogy with the structure of "H above we define a trivial comodule over W by 

U = Q[f2]®U', (A.69) 
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where /2 is of degree 2. We can think of /2 as a letter which commutes with all of the /2r+i- 
For convenience we will introduce the symbols f2n in analogy with (l3.2Up for the even zeta 
values, 

f2n = hj^. (A.70) 

Now one may construct many isomorphisms (pB between "H and U as described in [llj . 
The map 0^ depends on the choice of basis of "H and is constructed as follows. First 
one introduces an infinitesimal version of the coproduct fl3.23p encapsulated by operators 
Dr : Ti — > "H ® £ for r odd and r > 3 and where £ is "H modulo and modulo all 
non-trivial products. Explicitly we have 

Dr./™(ao; ai, . . . , a„; a„+i) = 

) • (A.71) 

This is the coproduct A, restricted so that the right-hand factor is taken modulo non-trivial 
products. 

Now we construct the map 0b by assuming that our basis contains and all the C^_^i 
and their products and imposing 

MCn) = fn, n = 2,3,5,7,9,... (A.72) 

Furthermore we impose that it is a homomorphism for the shuffle product on W, i.e. 

(l)BM = M^)^My)- (A.73) 

Then for all non-trivial elements in the basis, i.e. the multi-zetas of higher depth, we impose 
recursively that 

(Pb{x) = yU^(0B ® 7r2r+l O 0ij)£)2r+l (x) , (A. 74) 

r 

where 'n2r+i is the projection in W2r+i onto the word /2r+i of length 1 and /i is simply 
concatenation (not the shuffle) of words in U, treating /2 as commutative. 

Let us look at weight 8 as an example. A basis of words in U at weight 8 is given by 
{/I, 72/3 III /a, /s III /s, /s/s}. The first three elements are the result of applying (pB to 
the products Cl ^ C2C3 ^ CsCs- To obtain the remaining word at weight 8 we can, for example, 
include ^3,5 in the basis B. Applying the operators D3 and to ^3,5 one finds 

^3(3,5 = 0, 1^5(3,5 = -5C3 ® Cs (A.75) 

and hence 0b(C3,5) = —5/3/5. Having fixed the basis at a given weight, one may express 
all multi-zetas of that weight in terms of the basis. To decompose a particular multi-zeta 
value one applies the same recursive algorithm to obtain its image under (ps, except that 
now one allows an arbitrary amount of the unique primitive element /„ of the given weight 
in the result. For example one finds 

0b(C5,3) = 6/3/5 + /5/3 + afs . (A.76) 



15 



Thus we conclude that 

C5,3 = -C3,5 + C3C5 + aCs . (A.77) 

By numerical evaluation (or in this case simply application of the stuffle relation C{p)C{q) = 
q) + C{q,p) + C{p + q)) one concludes that a = — 1 . Had we chosen instead a different 
basis B' where ^5,3 was included as a basis element we would have found 

0B'(C5,3) = 6/3/5 + /5/3, 0B'(C3,5) = -6/3/5 + fs , (A.78) 

Thus (pB and (pB' define different isomorphisms between 7i and U. Note that the first time 
one has an ambiguity involving an odd primitive zeta value is at weight 11 where different 
choices of the depth 3 element to be included in the basis result in different coefficients 
of /ii in the application of 0^ to a given multi-zeta value. Many more examples on the 
definition and application of (pB are given in [HI [T3] . 



B Associator from the KZ equation 

Here we provide a derivation of the form of the associator used in section O The asso- 
ciator can be obtained as a regularised limit as 2; — )■ 1 of the solution of the Knizhnik- 
Zamolodchikov equation, 

^L(z)=L(.)(^ + ^), (B.79) 
given by a formal sum over all harmonic polylogarithms, 

L{z) = J2'^H{w;z), (B.80) 

w 

where w is the word w (with cq treated as and ei as 1) reversed. This reversal is needed 
simply because of a difference of ordering conventions between [TTl [12] and [28]. The 
solution L{z) is the unique one obeying the boundary condition, 

L{z) as z ^ . (B.81) 

One can likewise define the unique solution obeying 

Li{z) {I - z)-^' as z ^ 1 . (B.82) 

The Drinfel'd associator can be identified with the connection relating the two solutions, 

^Li{z) = L{z). (B.83) 

From the fact that both L and Li are solutions of the KZ equation and are invertible one 
concludes that $ above is a constant series. 

The solution L{z) is divergent at z = and z = 1 as can be seen by expanding, 

L{z) = l + eoHo{z) +eiHi{z) + . . . = 1 + eo log^; - ei log(l - z) + . . . . (B.84) 
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We regularise to obtain a quantity finite at these points, 

L{z) = z-^'>L{z){l- zY^ (B.85) 
The regularised solution obeys the following equation 

^L{z) = L{z){l - zy-{l - zf^ - -L{z) . (B.86) 

We can rewrite the first term on the RHS in terms of the adjoint action of ei on cq leading 
to 

z-^^L{z) = L{z){l - z)-^^^{eo) - eoL{z) , (B.87) 

where adj(x) = [ej,x]. 

Now since L{z) is group-like, 

AeL{z) = L{z) L{z) , (B.88) 

and L{z) differs from L{z) only by multiplication of group-like elements (1 — z)*^^ and 
z~'^° then L{z) is also group-like. This means that it is the exponential of a Lie series in 
g = Lie[eo, ei]. In fact the regularised solution L{z) actually contains no words of length 1 
(they were removed by the regularisation) so we actually know that it is the exponential of 
a Lie series in g' = [g,g], 

L{z) = expC{z), C{z) e g . (B.89) 

In the first instance we are looking for a representation of the Ihara action which is given 
by (1 X 1) matrices of multiplicative operators. To this end we will simplify the problem 
and work modulo any products in g' so that we can actually write 

L{z^ = 1 -|- C-{z) modulo products. (B.90) 

This approximation has the result that the words w„ corresponding to the coefficients of 
the primitive elements Cn survive (they are elements of g'^ but that any Ihara brackets are 
killed since they are all actually elements of g" = [g',g']- Thus we already know that no 
multiple zeta values will survive in this approximation. 

The differential equation (1B.87P above is not quite suitable for simplification since the 
unit term in L{z) means that the whole of the factor (1 — 2;)^'^^(eo) contributes, even modulo 
products. However we can improve the situation by taking a second derivative. 

In the first term on the RHS we can now replace (1 — z)~^'^^{eo) by cq if we work modulo 
products in g\ This term then combines neatly with the last term to —a.doL'{z). In the 
second term on the RHS we can pull out a total adjoint action adi and subtract the action 
on L{z) and then use the first-order equation flB.87p to rewrite the result in terms of the 
derivative L'{z), 

L(^)adi(l - zy'^^ieo) = adi[L(^)(l - ^)-"^^(eo)] - adiL(^)(l - zy^^ieo) , (B.92) 

z4-L{z) + eoL{z)] -adiL(z)(l - z)-^'^'{eo) . (B.93) 



adi 



dz 
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As above, we can replace the factor (1 — z)^^'^^{eo) by eo and combine the final two terms 
into an adjoint action of Cq on a.diL{z) plus a term [ei,eo]. Finally combining everything 
we have 

(1 - z)z—L{z) + [(1 - z){l + ado) - ^^adi] -j^^Hz) - adoadiL(2;) + [eo, ei] = . (B.94) 



dz 



Now, working modulo products in g' means replace the non-commuting variable C{z) 
L{z) — 1 with a function of two commuting variables ado = ~u and adi = v, 



C{z) = C{u,v,;z)[eo,ei] 



(B.95) 



We can represent a general word in U{g') modulo {g')'^ as a function of u and v as follows 
(see also the discussion around eq fl6.59p ). 



w 



Co + Yl Cfczad^ad'jeo, ei] — ^ Cq + ^ cmu''^W+^ 



(B.96) 



In this representation the second order equation above becomes the hypergeometric equation 
with a constant inhomogenous term, 

(i^ d 
(1 - z)z—C(z; u, v) + \(1 - z)(l - m) - zv] —C(z; u, v) + uvC(z; u,v) + l = 0. (B.97) 
dz'^ '- -' dz 

The solution obeying the relevant boundary conditions is 

2Fi{-u,v, 1 - u;z) - 1 



C{z; u, v) 



uv 



(B.98) 



The logarithm of the associator is this solution evaluated at z = 1 (applied to [eo, ei]) 



log$ 



uv 



T{l-u)T{l-v) 
T{l-u-v) 



- 1 



[eo, ei] mod g". 



(B.99) 



References 

[1] A. B. Goncharov, M. Spradlin, C. Vergu and A. Volovich, "Classical Polylogarithms for 
Amplitudes and Wilson Loops," Phys. Rev. Lett. 105 (2010) 151605 [arXiv: 1006.57031 
[hep-th]]. 

[2] D. Gaiotto, J. Maldacena, A. Sever and P. Vieira, "Pulling the straps of polygons," 
JHEP 1112 (2011) Oil [arXiv:1102.0"062l [hep-th]]. 

[3] L. J. Dixon, J. M. Drummond and J. M. Henn, "Bootstrapping the three-loop 
hexagon," JHEP 1111 (2011) 023 jarXiv: 1108.44611 [hep-th]]. 

[4] P. Heslop and V. V. Khoze, "Wilson Loops @ 3-Loops in Special Kinematics," JHEP 
1111 (2011) 152 [arXiv: 1109.0 058 [hep-th]]. 

[5] L. J. Dixon, J. M. Drummond and J. M. Henn, "Analytic result for the two-loop six- 
point NMHV amplitude in N=4 super Yang-Mills theory," JHEP 1201 (2012) 024 
larXiv: 111 1.17041 [hep-th]] . 



18 



[6] C. Duhr, "Hopf algebras, coproducts and symbols: an application to Higgs boson 
amplitudes," larXiv: 1203.0454 [hep-ph]. 



[7; 

[8 
[9 
[10 

[11 

[12: 
[13 

[14 

[15 

[16 

[17; 

[18 
[19 
[20; 
[21 
[22 
[23 



K. T. Chen, "Iterated Path Integrals", Bull. Amer. Math. Soc. 83, 831 (1977). 

F. C. S. Brown, "Multiple zeta values and periods of moduli spaces Mo,„", Annales 
scientifiques de TENS 42, fascicule 3, 371 (2009), |math/0606419i . 

A. B. Goncharov, "A simple construction of Grassmannian polylogarithms" , 
(arXiv:0908.223 8v3 [math. AG]]. 



A. B. Goncharov, "Galois symmetries of fundamental groupoids and noncommutative 
geometry", Duke Math. J. Volume 128, Number 2 (2005), 209-284. 

F. Brown, "On the decomposition of motivic multiple zeta values," larXiv:1102. 13101 
[math. NT]. 

F. Brown, "Mixed Tate motives over Z," arXiv: 1102. 1312) [math. AG]. 

O. Schlotterer and S. Stieberger, "Motivic Multiple Zeta Values and Superstring Am- 
phtudes," larXiv:1205.1516l [hep-th]. 

C. R. Mafra, O. Schlotterer and S. Stieberger, "Complete N-Point Superstring Disk 
Amplitude I. Pure Spinor Computation," larXiv: 1106.26451 [hep-th]. 

C. R. Mafra, O. Schlotterer and S. Stieberger, "Complete N-Point Superstring Disk 
Amplitude II. Amplitude and Hypergeometric Function Structure," larXiv: 1106.26461 
[hep-th]. 

V. G. Drinfeld, "Quasi Hopf algebras," Leningrad Math J. 1 (1989), 1419-1457. 

V. G. Drinfeld, "On quasitriangular quasi- Hopf algebras and on a group that is closely 
connected with Gal(^/Q), Leningrad Math. J. 2 (1991), no. 4, 829-860. 

Y. Ihara, "The Galois representation arising from — {0,1, 00} and Tate twists of 
even degree", Galois Groups over Q, Publ. MSRI no. 16 (1989), Springer, pp. 299-313. 

Y. Ihara, "On the stable derivation algebra associated with some braid groups" , Israel 
J. Math. 80 (1992), no 1-2, 135153. 

V. G. Knizhnik and A. B. Zamolodchikov, "Current Algebra and Wess-Zumino Model 
in Two-Dimensions," Nucl. Phys. B 247 (1984) 83. 

R. Kleiss and H. Kuijf, "Multi - Gluon Cross-sections And Five Jet Production At 
Hadron CoUiders," Nucl. Phys. B 312 (1989) 616. 

Z. Bern, J. J. M. Carrasco and H. Johansson, "New Relations for Gauge-Theory Am- 
plitudes," Phys. Rev. D 78 (2008) 085011 |arXiv:0805.3 993l [hep-ph]]. 

N. E. J. Bjerrum-Bohr, P. H. Damgaard and P. Vanhove, "Minimal Basis for Gauge 
Theory Amplitudes," Phys. Rev. Lett. 103 (2009) 161602 [arXiv:0907.1425 [hep-th]]. 



19 



S. Stieberger, "Open & Closed vs. Pure Open String Disk Amplitudes," 
|arXiv:0907.2211 [hep-th]. 

N. E. J. Bjerrum-Bohr, P. H. Damgaard, T. Sondergaard and P. Vanhove, "Mon- 
odromy and Jacobi-like Relations for Color-Ordered Amplitudes," JHEP 1006 (2010) 
003 larXiv: 1003.2 4031 [hep-th]]. 

M. B. Green and J. H. Schwarz, "Supersymmetrical Dual String Theory. 2. Vertices 
and Trees," Nucl. Phys. B 198 (1982) 252. 

Y. Kitazawa, "Effective Lagrangian For Open Superstring From Five Point Function," 
Nucl. Phys. B 289 (1987) 599. 

E. Remiddi and J. A. M. Vermaseren, "Harmonic polylogarithms," Int. J. Mod. Phys. 
A 15 (2000) 725 |hep-ph/9905237j . 

J. Blumlein, D. J. Broadhurst and J. A. M. Vermaseren, "The Multiple Zeta Value 
Data Mine," Comput. Phys. Commun. 181 (2010) 582 |arXiv:0907.2 55^7 [math-ph]]. 

P. Deligne, and A. B. Goncharov, "Croupes fondamentaux motiviques de Tate mixte." 
Annales scientifiques de I'Ecole Normale Superieure 38.1 (2005): 1-56. 

F. Brown, "Depth-graded motivic multiple zeta values," talk given at Quantum Field 
Theory, Periods and Polylogarithms III, Berlin, June 25-29 2012. 

A. Varchenko, "Special functions, KZ type equations, and representation theory", 
CBMS Regional Conference Series in Mathematics, 98. Published for the Conference 
Board of the Mathematical Sciences, Washington, DC; by the American Mathematical 
Society, Providence, RI, 2003. 

[33] H. Kawai, D. C. Lewellen and S. H. H. Tye, "A Relation Between Tree Amplitudes of 
Closed and Open Strings," Nucl. Phys. B 269 (1986) 1. 



20 



